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Reliability of shear-deficient RC beams strengthened with CFRP-strips
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" Studied the reliability of shear-deficient and shear-strengthened RC beam specimens.
" All the beams were tested until failure to obtain their ultimate load capacities.
" Reliability analysis was carried out for a range of applied loads (service to ultimate).
" Studied the influence of fiber angle; strip width; and strip-spacing on the reliability of beams.
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Effectiveness of externally bonded FRP-strips on the side faces of RC beams in the strengthening of shear-
deficient RC beams is well established. However, how the design parameters such as fiber orientation,
strip-width, and spacing between the FRP-strips influences the reliability of strengthened beams is not
very well known. In the present study, a simplified probabilistic procedure based on Monte Carlo Simu-
lation technique has been presented to study the influence of externally bonded FRP-strips on the reli-
ability of shear-deficient RC beams. To illustrate the procedure, reliability analysis was carried out for
the six RC beam specimens of 2 m span. Two of these specimens were shear-deficient control specimens,
and the remaining four were the similar beams which were shear-strengthened using CFRP-strips. Out of
these four strengthened specimens, in the first two specimens, CFRP-strips were externally bonded at 30�
whereas in the other two CFRP-strips were attached at 90� with the longitudinal axis of the beam. All
these beams were tested in the lab until failure to obtain their ultimate load carrying capacities. Reliabil-
ity analysis was then carried out for a range of applied nominal loads, varying from service to ultimate.
Three parametric studies (i) effect of fiber orientation; (ii) effect of strip width; and (iii) effect of strip-
spacing on reliability of strengthened beams were carried out for two different service loads, taken
60% and 70% of tested beams’ capacity. The results indicate that when the service load is 60% (or less)
of the ultimate load, beam is sufficiently reliable for all the values of the fiber orientation ranging from
30� to 60� from the longitudinal axis of the beam. However, when the applied load is 70% (or more) of
the ultimate load, it is difficult to achieve the desired reliability just by attaching the inclined CFRP strips
at a certain angle. The desired reliability, in this case, can be achieved by altering the strip-width or strip-
spacing or the both.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

FRP may be used on beam or slab soffit to provide additional
flexural strength, on the sides of beams to provide additional shear
strength [1], or wrapped around columns and beam-column joints
to provide confinement and additional ductility, a primary concern
in seismic upgrades [2–5]. Over the past decades, a number of the-
oretical investigations to predict the shear capacity of reinforced
concrete beams strengthened externally with FRP with layup lam-
inates or procured strips were done and analytical models were
ll rights reserved.
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developed based on different theoretical assumptions and experi-
mental observations. Triantafillou [6] proposed a theoretical model
to compute the shear strength capacity of a beam strengthened
with externally applied FRP. The 2003 edition of the ACI 440 [7]
proposed a theoretical model to compute the enhancement of
shear strength of RC beams using external FRP laminates. They fo-
cused on the developed effective strain in composites at failure
which varies depending upon the variability of composites mate-
rial properties, dimensions and the application techniques. Mofidi
and Chaallal [8] presented the results of an experimental and ana-
lytical investigation of shear strengthening of reinforced concrete
(RC) beams with externally bonded (EB) fiber-reinforced polymer
(FRP) strips and sheets, with emphasis on the effect of the
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Fig. 1. Cross section and reinforcement details of the beam specimens.
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strip-width-to-strip-spacing ratio on the contribution of FRP (Vf).
Razaqpur et al. [9] studied the effects of shear span-to-depth ratio
(a/d) and beam depth, or size, on the concrete contribution to the
shear resistance of beams longitudinally reinforced with carbon fi-
ber-reinforced polymer (CFRP) bars. One of the distinguishing fea-
tures of the study was the unsymmetrical nature of the applied
load, which created two distinct a/d ratios in the same beam and
allowed the effect of the a/d ratio on shear strength to be clearly
seen. Suggestions were made for the inclusion of these parameters
in the shear design equations. Bousselham and Chaallal [10] as-
sessed the suitability of the limits specified by the guidelines,
and proposed an alternative equation as an upper limit for shear
strength against web crushing failure. To this end, they developed
an analytical approach based on the static theorem of the theory of
plasticity. The predictions of the equations resulting from this ap-
proach were compared with those obtained from tests reported in
the literature and with those predicted by ACI Committee 440-02,
Canadian Standard S6-06, and the European recommendations fib
TG 9.3. The study showed that the current ACI Committee 440-
02 and Canadian Standards provisions are overly conservative
and therefore need to be reviewed. Bousselham and Chaalla [11]
presented the shear resistance mechanisms involved in RC beams
strengthened in shear with externally bonded FRP. Bae et al. [12]
investigated the shear performance of RC beams strengthened in
shear with externally bonded carbon fiber reinforced polymer
(CFRP) strips, subjected to a cyclic loading for 2 million cycles at
2 Hz. Experimental results obtained in this study and the compre-
hensive review on the existing literature showed that RC beams
strengthened in shear with externally bonded CFRP could survive
2 million cycles of cyclic loading without failure.

In the last one decade, a limited research (e.g. [13–15]) was also
reported on the reliability of RC beams strengthened with FRP lam-
inates – the first being that of Plevris et al. [16]. These researches
are mostly concerned with the flexural reliability of Reinforced
Concrete girders and beams strengthened with CFRP laminates.

A detailed review of literature indicates that although a sub-
stantial research is available on the experimental and analytical
investigations of RC beams strengthened in shear with externally
bonded FRP-strips, but simple probabilistic procedures through
which one can estimate the risk or reliability of RC beams strength-
ened in shear with FRP-strips are not widely available. Also the
range in which orientation of FRP-strips can provide desired reli-
ability needs to be investigated. The effects of design parameters
such as FRP strip-width and strip-spacing on reliability of strength-
ened beams also require an investigation. Keeping above scope in
view, in the present study, a simple probabilistic procedure has
been presented to estimate the risk and reliability of RC beams
strengthened in shear with CFRP-strips. Reliability was also ob-
tained for a range of fiber orientations to obtain the desired reli-
ability of shear-strengthened RC beams. The influence of the
strip-width and the strip-spacing, the parameters which can easily
be controlled at the time of strengthening, on the reliability of FRP-
strengthened beams is also investigated.
2. Experimental program

2.1. Design of the specimens

In order to carry out the reliability analysis, we require nominal load carrying
capacities of shear-deficient and CFRP-strengthened RC beam specimens. For this
purpose, six RC beam specimens were designed to be weak in shear and strong in
flexure (to direct the failure due to shear only). The cross section and reinforcement
details of the specimens are shown in Fig. 1 and Table 1. Out of these six shear-
deficient beams specimens, the first two specimens were used as Control specimens
and the remaining four specimens were strengthened after attaching the CFRP-
strips through epoxy on the side faces of the beam specimens. CFRP-strips were
bonded at an angle of 90� (Fig. 2) in the two specimens; whereas they were at-
tached at an angle of 30� (Fig. 3) in the remaining two beams. The strips which were
bonded at 90� and those at 30� will be termed as vertical and inclined strips respec-
tively. The nomenclature used for various beam specimens are shown in Table 2.
The design of control and CFRP-strengthened specimens were based on ACI 318
[17] and ACI 440.2R-02 [18] respectively. The flexural and shear strength of the
beam specimens were estimated and ratio of flexural over shear strength of each
beam was determined as presented in Table 3. The ratio in the last column shows
that the control specimens are substantially weak in shear, and therefore their fail-
ures are very well expected to be in the shear mode. Also for the specimens,
strengthened using vertical or inclined strips, still failure is directed to be due to
shear as the objective of present strengthening scheme is to study the direct in-
crease in the shear strength and then the reliability due to vertical and inclined-
CFRP-strips. By CFRP-strengthening, changing the mode of failure from shear to
flexure was not the aim of the present study.
2.2. Material properties

Single batch was used to cast all the specimens. Six cylinders (150 � 300 mm)
were cast to determine the average 28-day compressive strength, f 0c , from the batch.
The steel bars used as longitudinal and transverse reinforcements were tested to
determine their yield strength. The observed average properties of concrete mix
and steel bars are shown in Table 4.

The epoxy system used in the study consists of resin and hardener, mixed in a
ratio of 3:1. The resin and the hardener were hand mixed thoroughly using a mixing
tool for at least 5 min. A thin layer of the epoxy was applied to the concrete surface
of 26-day old beam specimen, and CFRP strip was then attached to the surface of
the epoxy. Special attention was made to assure that there was no void between
the strip and the concrete surface. All CFRP strips used in strengthening were of uni-
directional type. After strengthening, the specimens were left at laboratory temper-
ature (25 ± 2 �C and 30% relative humidity) for 2 days before testing to make sure
that the epoxy had enough time to cure. The mechanical properties of the CFRP
composite were obtained through the testing of flat coupons. The average mechan-
ical properties, obtained from the average values of the tested coupons, are summa-
rized in Table 4. These values match well with the manufacturer’s reported values.
Note that the tensile strength was defined based on the cross-sectional area of the
coupons, whereas the elastic modulus was calculated from the stress–strain
response.
2.3. Preparation of the test specimens

2.3.1. Specimen size and steel reinforcement details
All the beams had a cross section of 200 � 300 mm and a simply supported span

of 2000 mm. Out of a total number of six beams, the two beams were used as a con-
trol specimens and the other four were employed to prepare CFRP-strengthened RC
beams. The beams were reinforced with deformed 3Ø20 mm steel bars in tension
side and with Ø6 mm steel stirrups @ 150 mm center to center spacing. A Ø6 mm
bar was also used in the compression side to tie up the stirrups (Fig. 4). After cast-
ing, the specimens were submitted to intermittent spraying of water every day for
2 weeks and then left to dry for the next 2 weeks. On the 26th day after casting, four
beams were strengthened by externally bonding the CFRP-strips using epoxy to the
concrete surface. The procedure presented below was used for externally bonding
the sheets.
2.3.2. Surface treatment phase
The surface of the beam, where the strip was to be attached, was first ground

manually and then subjected to a sand blasting to be able to develop a sound bond
and withstand the imposed stresses. The process included smoothing out the
unevenness in the surface. After smoothing, the surface of the concrete was cleaned
with acetone several times until no blackness was found on the washcloth. At this
point the strips were also wiped with acetone to remove dust or any adhered
substances.

 



Table 1
Details of the beam specimens.

Designation Description Beam size Bottom steel Top steel Stirrups

BC (2 specimens) Control 200 � 300 3Ø20 1Ø6 Ø6@150 mm
BSV (2 specimens) Scheme #1 200 � 300 3Ø20 1Ø6 Ø6@150 mm
BSI (2 specimens) Scheme #2 200 � 300 3Ø20 1Ø6 Ø6@150 mm

Fig. 2. Schematic diagram of the beam specimen strengthened using vertical CFRP-strips.

Fig. 3. Schematic diagram of the beam specimen strengthened using inclined CFRP-strips.

Table 2
Nomenclature used and details of the test specimens.

Specimen
designation

Number of
specimens

Details of strengthening schemes

BC 2 Control beams, weak in shear but strong in flexure.
BSV 2 Strengthened specimens, obtained after the strengthening of another two RC beam specimens using vertical CFRP-strips. The

vertical strips were attached through epoxy on the side faces of the beam.
BSI 2 Strengthened specimens, obtained after the strengthening of last two specimens of RC beam specimens using inclined CFRP-

strips. The inclined strips were attached through epoxy on the side faces of the beam.

Table 3
Design ratio of shear over flexural strength.

Designation Description Puflexure (kN) Pushear (kN) Pushear/Puflexure

BC Control 123.2 67.8 0.6
BSV Strengthened using vertical strips 123.2a 100.9 0.8
BSI Strengthened using inclined strips 123.2a 113.0 0.9

a The values shown are for without FRP. To be on conservative side, it is assumed that the shear strengthening of the beams using vertical or inclined CFRP strips does not
increase the flexural capacity of the beam.
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2.3.3. Attaching the CFRP-strips
After preparing the concrete surfaces and wiping out the strips, the strips were

attached to the concrete surfaces using epoxy. Any excess epoxy was squeezed out
by pressing the strips to the concrete. The strips were then kept pressed to the
concrete until hardening. The specimens were kept in the laboratory under control
conditions until the day of testing. The strips were attached to the beams as per the
designed schemes. In the first scheme, CFRP strips were attached at 90� with respect
to the longitudinal axis of the beam, whereas in the second scheme, strips were 



Table 4
Material and geometric properties of the specimens.

Parameter Nominal value

Concrete and steel
Concrete strength, f 0c (MPa) 35
Yield strength of longitudinal steel, fy (MPa) 480
Yield strength of transverse steel, fys (MPa) 275
Modulus of elasticity of steel, Es (GPa) 200

CFRP composite system
Type of FRP Unidirectional CFRP sheet
Elastic modulus in primary fibers direction 77.3 � 103 MPa
Elastic modulus of CFRP 90� to primary fibers 40.6 MPa
Fracture strain 1.1%
Thickness per layer, tf 1.0 mm
Width of each strip, wf 50 mm
Effective depth of FRP strip, df 300 mm
No. of FRP layers or plies, np 1
Spacing between FRP strips, sf 150 mm
Inclination of FRP strip with horizontal 30�

Beam dimensions
Span of the beam, l 2000 mm
Width of the beam, b 200 mm
Depth to steel, d 265 mm
Overall depth of the beam, h 300 mm
Diameter of bottom steel bars 20 mm
Diameter of stirrups 6 mm
Spacing between the stirrups 150 mm

Fig. 4. Reinforcement cage used in the preparation of the shear-deficient RC beams.

Fig. 5. Beams strengthened with the vertical and the inclined CFRP-strips.
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attached at an angle of 30� from the same axis of the beam. Fig. 5 shows the spec-
imens after the attachment of vertical and inclined strips on the side faces of the
beams.

2.4. Test procedure and setup

The beams were tested using Amsler testing machine with a load control con-
figuration. All the beams were tested simply supported and subjected to two point
loads, symmetrically placed at an equal distance from the beam centerline as
shown in Figs. 2 and 3. The central deflections were monitored using a linear vari-
able displacement transducer (LVDT). The applied loads and corresponding LVDT
deflections were recorded using a data acquisition system. Application of the loads
and the recording process continued until the failure of the beam occurred.

2.5. Load–deflection response and failure pattern

The load–deflection response of all the six beams is plotted in Figs. 6 and 7.
These figures illustrate the influence of fiber orientation of CFRP strips in upgrading
the shear strength of RC beams. The results shown in Fig. 6 indicate that although
the use of vertical strips increases the shear capacity substantially, vertical strips do
not add considerable ductility or deformability to beams. Same like the shear-
deficient control specimens, a brittle shear failure was observed in the specimens
strengthened using vertically attached strips.

The results depicted in Fig. 7 shows the effectiveness of 30� inclined CFRP strips
in improving the shear strength of RC beams. This figure clearly indicates that, com-
pared to the response of control beams; the beams retrofitted with CFRP-inclined
strips achieve a substantial gain in the strength and show a better deformability.
This illustrates the effectiveness of using the inclined strips in the shear-strength-
ening of RC beams. A better performance of inclined strips over the vertical strips
can be attributed to the fact that inclined strips arrest the propagating cracks
(due to diagonal tension) in a better way than vertical strips.

 



(a)

(b)
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A summary of the experimentally observed ultimate loads is given in Table 5.
This table shows that, compared to the control beam specimens, beams strength-
ened with the vertical and inclined strips, show a substantial increase in the shear
strength (measured in terms of ultimate load) values. A further comparison of the
two shear-strengthening schemes also illustrate that, for the beams strengthened
with the inclined (at 30�) CFRP strips, increase in the observed load capacity was al-
most double (�36%) than the beam strengthened with the vertical strips (�18%).
This shows a far better performance of the inclined strips compared to the vertical
CFRP strips in the shear strengthening of RC beams.

Figs. 8–10 show the general failure patterns observed in the beam specimens. It
was observed that the failure of the control specimen was purely due to the shear as
the cracks initiated near the support and propagated almost at 45� with the increase
of applied load until failure (Fig. 8). The failure of the beams strengthened with ver-
tical CFRP strips was also brittle due to inclined shear cracks as shown in Fig. 9. The
load–displacement curves shown in Fig. 6 indicate the same. This failure pattern
shows that although shear strength of beams have been substantially improved
(compared to their respective control specimens), but still the beams are weaker
in shear than flexure. The failure of the beams strengthened with inclined strips
was not as brittle as the beams strengthened with vertical strips (Fig. 10). This indi-
cates that the strengthening of the beams using inclined strips not only impart the
strength to the beams but also add some ductility to them. The load–displacement
curves shown in Fig. 7 also illustrate the same. The observed cracks (and debond-
ing) were also much less in case of the inclined strips than the vertical strips. In fact,
when the applied load was close to the ultimate load, tension bars of the beam were
yielded and these yielded bars then experienced some strain hardening, but before
arriving at the desired ductile strain limit of 0.005 (ACI 2005), the shear forces
reached to the beam’s shear capacity and the shear failure took place as shown in
Fig. 7. The failure patterns, shown in Figs. 8–10, also indicate that the specimens
failed as per the design. In the design of all the specimens, shear strength was kept
smaller than the flexural strength as shown in Table 3.
Fig. 8. Shear failure of the control beam specimen.
3. Reliability analysis

The reliability assessment of any member of a structure is con-
cerned with the calculation and prediction of its probability of no
violation of limit state at any stage during its entire life. In the
present study, limit state is said to be violated when shear or flex-
ure capacity of the beam become less than the expected extreme
shear force or ultimate bending moment, respectively. In other
words, a beam is said to have failed if code specified shear or flex-
ural capacities at the ultimate state of collapse are less than the
maximum shear force or ultimate bending moment. In the present
study, a Monte Carlo simulation-based procedure has been pre-
sented to estimate the probability of failure of beam specimens
studied above. A few parametric studies have also been included
to obtain the results of practical interest.

3.1. Limit state function

A limit state function is a mathematical representation of a par-
ticular limit state of failure. This function assumes a negative or
zero value at the failure and a positive value when the member
is safe. Thus we can define the probability of limit state violation
(i.e. probability of failure) as

Pf ¼ P½gðxÞ 6 0� ð1Þ

where g(x) is the limit state function and x is the vector of basic ran-
dom variables. Keeping above points in view, if the ultimate shear
Table 5
Summary of experimentally observed ultimate loads.

Beam
specimens

Observed
peak load
(kN)

Average peak
load Pu (kN)

Increase in ultimate strength
with respect to control

BC-1 81.98 81.2 –
BC-2 80.40
BSV-1 95.97 96.4 18.7%
BSV-2 96.74
BSI-1 111.01 110.8 36.4%
BSI-2 110.53
force is Vu and code-specified nominal shear capacity is Vn then
the limit state function can be expressed as

gðxÞ ¼ Vn � Vu ð2Þ

From above equation it is obvious that brittle shear failure of RC
beam will occur if Vn is equal to or less than Vu; or g(x) assumes a
negative or zero value.

In the present study the nominal capacity of FRP upgraded
shear-deficient beam was obtained by the equations proposed in
ACI 440.2R-02 [18]. According to ACI 440.2R-02 [18] the nominal
shear strength of an FRP-strengthened concrete member can be
determined by adding the contribution of FRP reinforcement to
the contributions from the reinforcing steel (stirrups, ties, or spi-
rals) and the concrete as given below:

Vn ¼ Vc þ Vs þ Vf ð3Þ

where Vc, Vs and Vf are the contribution of concrete, steel and FRP to
shear strength. After substituting their expressions from Eqs. (A.2)–
(A.4) (Appendix A), we have

Vn ¼
ffiffiffiffi
f 0c

p
6

bwdþ Av fysd
S
þ 2ntf wf efeEf ðsinaþ cos aÞdf

sf
ð4Þ

where bw is the width of the beam; d the effective depth of beam
section; Av the area of steel stirrups; S the spacing between the stir-
rups; f 0c the compressive strength of concrete; fys the yield strength
of steel stirrups; Afv the cross sectional area of FRP strip/sheet; efe

the effective strain in FRP laminates; a the angle of FRP strips from
horizontal; df the effective depth of FRP strip/sheet; sf the spacing
between the two FRP strips; n the number of FRP plies or layers;
tf the thickness of FRP strip/sheet; wf the width of the strip; Ef the

 



Fig. 9. Failure of the vertical-strip strengthened RC beam specimen.
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FRP modulus of elasticity; and ffe is the effective stress in FRP
laminates.

The average effective strain in the FRP laminates (efe) can be
computed using the Eqs. (A.7)–(A.11) (Appendix A).

Having derived the limit state function the next step is the
assessment of probability of failure (also called risk) and reliability
(measured in terms of reliability index b) of the beams. For this
purpose, Monte Carlo Simulation technique [19] has been em-
ployed A brief description of this method is presented in the fol-
lowing section.
3.2. Monte Carlo simulation

Monte Carlo simulation consists of drawing samples of the basic
random variables according to their probabilistic characteristics
Fig. 10. Failure of the inclined strip strengthened RC beam specimen.
and then feeding them into the limit state function. It is known
that the failure occurs when g(x) < 0; therefore an estimate of the
probability of failure Pf can be found by

Pf ¼
Nf

N
ð5Þ

where Nf is the number of simulation cycles in which, g(x) < 0, and N
is the total number of simulation cycles. As N approaches infinity,
the Pf approaches to the true probability of failure.

Having known the probability of failure, reliability index (b) can
be determined using b = �U�1(Pf), where Pf is the probability of
failure and U�1(�) is the inverse of standard normal distribution
function.

The accuracy of Eq. (5) can be evaluated in terms of its variance.
For a small number of simulation cycles, the variance of Pf can be
quite large. Consequently, it may require a large number of simu-
lation cycles to achieve a specified accuracy. The variance of the
estimated probability of failure can be computed by assuming each
simulation cycle to constitute a Bernoulli trial. Therefore, the num-
ber of failures in N trials can be considered to follow a binomial dis-
tribution. Then the variance of the estimated probability of failure
can be computed approximately as

VarðPf Þ ¼
ð1� Pf ÞPf

N
ð6Þ

It is recommended to measure the statistical accuracy of the
estimated probability of failure by computing its coefficient of var-
iation as:

COVðPf Þ ffi

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1�Pf ÞPf

N

q
Pf

ð7Þ

The smaller the coefficient of variation, the better is the accu-
racy of the estimated probability of failure. It is evident from Eqs.
(6) and (7) that as N approaches infinity, Var(Pf) and COV(Pf) ap-
proaches zero. However, for all practical purposes, that number
of simulation cycles for which COV(Pf) approaches less than 5%
may be considered as an appropriate number of simulation cycles
[19].

The curves shown in Fig. 11 shows the variation of COV(Pf) with
the number of simulations for beam specimen strengthened using
the inclined strips and subjected to the nominal service load as 60%
of the tested beam capacity. This figure clearly illustrates that as
the number of simulation cycles is increasing COV(Pf) is decreasing.
This convergence figure also suggests that, for the present problem,
simulation numbers greater than 100,000 can yield a sufficiently
accurate probability of failure. In the present study, therefore,
500, 000 simulations were used to carry out the Monte Carlo Sim-
ulation for estimating the probabilities of failures.

In order to compare the probabilities of failure (Pf) and the reli-
ability values (b), obtained for the shear mode of failure, probabil-
ities of failure and reliability indices of the beams were also
obtained against flexure mode of failure. In order to estimate Pf

and b against flexure mode of failure, limit state function was de-
fined as g(x) = Mn �Mu. Here, Mn and Mu are the nominal moment
capacity and the ultimate bending moment respectively.

3.3. Statistical data for reliability analysis

In order to carry out the reliability analysis of the beams, the
variables which have substantial uncertainties have to be identi-
fied and their statistical characteristics including their meaningful
probability distributions are required. The variables which are con-
sidered random along with their statistical properties and proba-
bility distributions are shown in Table 6. In this table, the bias
factor represents the ratio of mean to the nominal value. When

 

 



Fig. 11. Effect of simulation cycles on the convergence of Pf (Pu = average failure
load).
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bias factor is one, it indicates that the nominal value is same as the
mean value. In general, for resistance related variables, bias factor
is considered greater than one (i.e. in the design process, nominal
value was taken less than the mean). Bias factor of less than 1.0
is generally assumed for load related variables.

To carry out the reliability analysis of RC beam specimens, a
meaningful probability distribution for the expected extreme load
is also necessary. In the present study randomness of the applied
load was described using Extreme Type I distribution (Table 6).
The coefficient of variation (COV) was considered to be equal to
25%. The probability distribution function (PDF) and the cumula-
tive distribution function (CDF) for Extreme Type I distributed ran-
dom variables are given by [19]:

PDF : f ðxÞ ¼ a expf�e�aðx�uÞgexpf�aðx� uÞg ð8Þ
CDF : f ðxÞ ¼ expf�e�aðx�uÞg for �1 6 x 61 ð9Þ

where u and a are distribution parameters. If the mean and stan-
dard deviation are known, values of the distribution parameters
can be approximately estimated using [19]

a � 1:282
rx

ð10Þ
u � lx � 0:45rx ð11Þ

where lx and rx represent mean and standard deviation respec-
tively. The references adopted for the selection of the COV and
Table 6
Random variables considered for the reliability analysis of the beam specimens.

Random variable Mean Bia

Yield strength of longitudinal and transverse steel (fy and fys) Nominal 1.1
Thickness of the CFRP strip (tf) 1.0 mm 1.0
Depth to steel (d) 265 mm 1.0
Modulus of CFRP strips (Ef) 77 GPa 1.0
Inclination of CFRP strips 30� 1.0
Spacing between CFRP strips (sf) 150 mm 1.0
Concrete strength (f 0c) 35 MPa 1.1
Beam width (b) Nominal 1.0
CFRP strain at failure (efu) 1.1% 1.1
Applied load Variable 0.9

COV: coefficient of variation.
the probability distributions of various random variables are shown
in the last column of Table 6.

4. Discussion of results

Employing the data presented in Table 6 and using the Monte
Carlo simulation technique, probability of failure and reliability
indices of various beam specimens were obtained and shown in
Table 7. In this table, the nominal applied load was varied as a frac-
tion of ultimate load, obtained from the experiment, presented in
the earlier section. The load was varied from 0.6Pu (approximately
equal to service load) to Pu (equivalent to factored or ultimate
load). The results clearly indicate that as the applied load is
increasing probability of failure of the beam is also increasing. This
is an expected trend.

Two last columns of Table 7 also list the values of the reliability
indices (b) and the probabilities of failure (Pf) against the flexural
mode of failure. A comparison of reliability index (b) values ob-
tained by the reliability analysis of the beams against flexural
and shear modes of failures indicate that for the control specimens
the probabilities of failure are substantially higher in the shear
mode of failure than the flexural mode. It is due to this reason
the control beams were more likely to fail in the shear mode. This
finding supports the failure mode obtained through the experi-
ments, presented before. For beams, strengthened using vertical
or inclined strips, although probabilities of failure are still higher
for the shear mode of failure than the flexure mode of failure,
but they are very close to each other. This also supports the exper-
imentally observed failure mode and can be attributed to the fact
that failure loads, shown in Tables 3 or 5, in the shear and the flex-
ure modes are quite near to the each other.

The variations of reliability index with the applied load, ranging
from working load to ultimate load are presented in Fig. 12. In
these figures, a horizontal line is drawn corresponding to reliability
index = 3.0. This index is designated as desired reliability index (b);
since for the most structural components, a reliability index of 3.0
is a required reliability value [20–23]. These graphs illustrate that
the control beams (Fig. 12) are deficient for all the applied load val-
ues as they are far below than the desired reliability index. Also,
since there is a big gap between the reliability index values against
the shear and the flexure modes of failures, the control beams are
very well expected that they will fail in the shear mode. This obser-
vation supports the fact that the control specimens were failed in
the shear without any indication of even impending flexural
failure.

The beams strengthened using vertical or inclined strips are suf-
ficiently reliable for applied nominal loads of 60 and 70 kN respec-
tively. However, for loads higher than these values, beams are not
reliable as desired. This figure also illustrates that for the applied
loads, ranging from 50 kN to 120 kN, the beams strengthened with

 

s factor COV Distribution Source (for COV and distribution)

0 0.125 Normal [13]
0 0.05 Lognormal [14]
0 0.03 Normal [14]
0 0.10 Lognormal [14]
0 0.05 Normal Assumed
1 0.10 Normal Assumed
0 0.18 Normal [14]
0 0.03 Normal [14]
0 0.022 Weibull [13]
0 0.25 Extreme Type I [14]

 



Table 7
Reliability indices and probabilities of failure of the beam specimens.

Beam specimen Experimental failure load Pu (kN) Applied nominal load (kN) Against the shear mode of failure Against the flexural mode of failure

b Pf b Pf

BC 81.2 0.6Pu 2.38 8.74 � 10�3 4.13 1.80 � 10�5

0.7Pu 1.90 2.89 � 10�2 3.61 1.54 � 10�4

0.8Pu 1.46 7.22 � 10�2 3.21 6.70 � 10�4

0.9Pu 1.06 1.45 � 10�1 2.82 2.37 � 10�3

Pu 0.68 2.48 � 10�1 2.47 6.71 � 10�3

BSV 96.4 0.6Pu 3.54 2.00 � 10�4 3.57 1.78 � 10�4

0.7Pu 3.04 1.20 � 10�3 3.09 1.01 � 10�3

0.8Pu 2.60 4.70 � 10�3 2.62 4.42 � 10�3

0.9Pu 2.23 1.30 � 10�2 2.29 1.08 � 10�2

Pu 1.88 2.99 � 10�2 1.96 2.53 � 10�2

BSI 110.8 0.6Pu 3.09 9.98 � 10�4 3.14 8.40 � 10�4

0.7Pu 2.57 5.06 � 10�3 2.60 4.64 � 10�3

0.8Pu 2.16 1.53 � 10�2 2.23 1.28 � 10�2

0.9Pu 1.77 3.80 � 10�2 1.86 3.18 � 10�2

Pu 1.43 7.69 � 10�2 1.52 6.41 � 10�2

Fig. 12. Variation of the reliability index with the applied load.

(a)

(b)
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the inclined CFRP-strips are more reliable than the beams strength-
ened with the vertical strips. The reliability values of the beams
strengthened with the inclined strips are very close to the reliabil-
ity of the beams against flexure mode of failure. This can be attrib-
uted to the close values of failure loads in these two modes of
failures as shown in Table 3.
Fig. 13. Variation of the reliability index with the fiber orientation.
5. Parametric study

In the following section three parametric studies (i) effect of fi-
ber orientation; (ii) effect of strip-width and (iii) effect of strip-
spacing on reliability index of shear strengthened RC beams have
been carried out to arrive at the results of design interest. For the
design purposes, the parameters should be selected in such a man-
ner so that (b � bD)2 � 0. Here b and bD are the actual and desired
reliability index values. (b� bD)2 � 0 is an indication that the reli-
ability of the beam is equal to the desired reliability value.
5.1. Effect of fiber orientation

Fig. 13 presents the variation of reliability index with fiber ori-
entation of FRP strips. This figure clearly indicates that the beam
has maximum reliability when CFRP fibers are oriented at 45�. This
is due to the fact that the CFRP-strips contribute maximum to the
shear strength when they are oriented at 45� (Eq. (4)). Fig. 13a
illustrates that when the applied nominal load is 70% of the ulti-
mate load, the specimen does not have the desired reliability at
any value of the fiber orientation. However, when the applied load
is 60% of the ultimate load, the beam is sufficiently reliable for fiber
orientation ranging from 30� to 60�. Therefore, in order to have the
sufficient reliability for a shear-deficient beam subjected to
approximately 60% of its ultimate capacity, CFRP strips should be
attached to the beams at any angle from 30� to 60�. Fig. 13b also
supports the same finding. That is, for fiber orientation of 30� to
60�, the shear deficient beams subjected to 60% of the nominal load
gives the desired reliability. However, when the applied load is 70%
of the ultimate load, the beam cannot achieve the desired safety
just by attaching the CFRP strips at some angle. The desired reli-
ability, in this case, can be achieved by altering the strip-width
or strip-spacing or the both.

 



(a)

(b)

Fig. 14. Variation of the reliability index with the width of the CFRP-strips.

246 S.H. Alsayed, N.A. Siddiqui / Construction and Building Materials 42 (2013) 238–247  
5.2. Effect of CFRP-strip-width

Fig. 14a shows the variation of reliability index with increase in
the width of CFRP strips. It is very obvious that as the width of the
strip increases the reliability increases almost linearly. This is due
to the fact that the shear capacity of FRP-strengthened beam is
(a)

(b)

Fig. 15. Variation of the reliability index with the spacing between the CFRP-strips.
directly proportional to the strip width wf (Eq. (4)). Fig. 14b shows
the location where reliability of FRP-strengthened beam is equal to
the desired reliability index (=3). When the applied nominal ser-
vice load is 60% of the load carrying capacity of the strengthened
beam, the required strip width is 50 mm. However, if the service
load is 70% of the ultimate load, required width is about 70 mm.

 

5.3. Effect of CFRP-strip-spacing

Fig. 15a shows that as the spacing between the strips increases,
reliability of the beam decreases almost linearly. This is due to the
fact that as the spacing between the strips sf increase, shear capac-
ity decreases (Eq. (4)). Fig. 15b shows the spacing which is suitable
for achieving the desired reliability index value of 3.0. If the ap-
plied service load is approximately 60% of the tested beam capac-
ity, a spacing of 150 mm can give the desired reliability. However,
if the applied load is 70% of the beam capacity, then the required
spacing is 100 mm.
6. Conclusions

In the present study, a simple probabilistic procedure based on
Monte Carlo Simulation technique was presented to study the reli-
ability of shear-deficient control and the CFRP-strips strengthened
RC beam specimens by varying the nominal applied load from
0.6Pu (approximately equal to service load) to Pu (equivalent to fac-
tored or ultimate load). The results clearly indicated that when the
service load is 60% (or less) of the ultimate load, the CFRP-strips of
width 50 mm, and center to center spacing of 150 mm can provide
the desired reliability to the beam for any value of the fiber orien-
tation ranging from 30� to 60�. However, when the service load is
70% (or more) of the ultimate load, it is difficult to achieve the de-
sired reliability with the above configuration (width, spacing and
orientation) of the CFRP-strips. The desired reliability, in this case,
can be achieved by altering the strip-width or strip-spacing or the
both.

The control beams are deficient for all the applied load values as
their reliability index values are far below than the desired reliabil-
ity index. Also, for these specimens there is a big gap between the
reliability index values against the shear and the flexure modes of
failures. This observation supports the fact that both the control
specimens were failed in the shear mode without any indication
of even impending flexural failure.

For beams, strengthened with vertical or inclined strips,
although probabilities of failure are still higher for the shear mode
of failure than the flexure mode of failure, but they are very close to
each other. This again supports the experimentally observed fail-
ure mode.

The beams strengthened using vertical or inclined strips are suf-
ficiently reliable for applied nominal loads of 60 and 70 kN respec-
tively. However, for the loads higher than these values, beams are
not reliable as desired. For the applied loads, ranging from 50 kN to
120 kN, the beams strengthened with the inclined CFRP-strips are
more reliable than the beams strengthened with the vertical strips.
The inclined CFRP-strips are thus much more effective in improv-
ing the reliability of shear-deficient beams than the vertical strips.
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Appendix A. Shear strength of FRP strengthened beams

The nominal shear strength of an FRP-strengthened concrete
member can be determined by adding the contribution of FRP rein-
forcement to the contributions from the reinforcing steel (stirrups,
ties, or spirals) and the concrete as given below:

Vu ¼ Vc þ Vs þ Vf ðA:1Þ

where Vc, Vs and Vf are the contribution of concrete, steel and FRP to
shear strength. Vc and Vs can be computed by the following well
known equations (ACI 318-2005)

VC ¼
ffiffiffiffi
f 0c

p
6

bwd ðA:2Þ

Vs ¼
Av fysd

S
ðA:3Þ

where bw is the width of the beam; d the effective depth of beam
section; Av the area of steel stirrups; S the spacing between the stir-
rups; f 0c the compressive strength of concrete; and fys is the yield
strength of steel stirrups. The contribution of FRP to shear strength
can be estimated using the equation proposed by ACI 440.2R-02
(ACI 2002):

Vf ¼
Af v ffeðSinaþ CosaÞdf

sf
ðA:4Þ

where Af v ¼ 2ntf wf ðA:5Þ

and f fe ¼ efeEf ðA:6Þ

where Afv is the cross sectional area of FRP strip/sheet; efe the effec-
tive strain in FRP laminates; a the angle of FRP strips from horizon-
tal; df the effective depth of FRP strip/sheet; sf the spacing between
the two FRP strips; n the number of FRP plies or layers; tf the thick-
ness of FRP strip/sheet; wf the width of the strip; Ef the FRP modulus
of elasticity; and ffe is the effective stress in FRP laminates.

The effective strain in FRP laminates (ffe) can be computed using
the procedure proposed in ACI 440.2R-02 (ACI 2002). According to
ACI 440.2R-02 (ACI 2002) procedure the effective strain, efe in FRP
is assumed to be smaller than the ultimate strain, efu. This can be
computed as

efe ¼
0:004 6 0:75efu for completely wrapped beams
kvefu 6 0:004 for two or three sides ðe:g: UÞ bonded

8><
>:

ðA:7Þ

where kv ¼
k1k2Le

11900efu
6 0:75 ðA:8Þ

Here; Le ¼
23;300

ðntf Ef Þ0:58 ðA:9Þ
k1 ¼
f 0c
27

� �2=3

ðA:10Þ

k2 ¼

df�Le

df
for U wraps

df�2Le

df
for two sides bonded

8>><
>>:

ðA:11Þ

where f 0c and Ef are in MPa.
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